Introduction
In [Eym 1], P. Eymard introduced the Fourier algebra A(G) of an arbitrary locally compact group G. If G is abelian, then the Fourier transform yields an isometric isomorphism of A(G) and L 1 (Ĝ), whereĜ is the dual group of G. (In the framework of Kac algebras, this extends to a duality between L 1 (G) and A(G) for arbitrary G; see [E-S] ).
The Fourier algebra A(G) is just one particular case -if p = 2 -of the Figà-Talamanca-Herz algebras A p (G) for p ∈ (1, ∞), introduced and first studied by C. Herz ([Her 1] and [Her 2]). The central result of [Her 1] states that, if G is any locally compact group, then pointwise multiplication induces a contraction from A p (G)⊗A q (G) to A p (G) whenever 1 < p ≤ q ≤ 2 or 2 ≤ q ≤ p < ∞. If G is amenable, this yields a contractive inclusion A q (G) ⊂ A p (G) for such p and q ([Her 1, Theorem C]), so that, in particular, A(G) is contractively contained in A p (G) for each p ∈ (1, ∞).
In the present note, we improve this latter inclusion result by showing that, for an amenable, locally compact group G and p ∈ (1, ∞), not only does 
Preliminaries
For p ∈ (1, ∞), we shall always use p ′ to denote the unique element of (1, ∞) such that
is a contraction.
Definition 1.1 Let G be a locally compact group, and let p ∈ (1, ∞). The Figà-Talamanca-Herz algebra A p (G) is the range of Π p equipped with the respective quotient norm, which we denote by · Ap(G) .
It clear that A p (G) is a Banach space, but not so obvious that it is a Banach algebra: for this latter fact, see [Her 1], [Eym 2], or [Pie] . The Banach algebra A p (G) is further studied, for instance, in [For] , [Gra] , [L-N-R], and [Mia] For a locally compact group G and f :
and recall that, for p ∈ (1, ∞), the projective tensor product L p (G)⊗L p ′ (G) can be viewed as (equivalence classes of) functions on G × G.
The following is [Eym 2, Théorème 1]:
Theorem 1.2 Let G and H be locally compact groups, let θ : H → G be a continuous group homomorphism, and let p ∈ (1, ∞). Then, for each f ∈ A p (G), multiplication with
We shall apply Theorem 1.2 only in the particular case where H = G and θ is the identity on G.
Relating
A compatible couple of Banach spaces in the sense of interpolation theory (see [B-L] ) is a pair (E 0 , E 1 ) of Banach spaces that both embed continuously into some (Hausdorff) topological vector space. For a locally compact group G and p, q ∈ (1, ∞), for instance,
is a compatible couple of Banach spaces, then E 0 ∩ E 1 becomes a Banach space through the norm
Let G be a locally compact group, and let p ∈ (1, ∞). In this section we prove two lemmas on the compatible couples (
Our first lemma is probably known, but for convenience, we include the (very simple) proof:
Lemma 2.1 Let G be a locally compact group, and let
Taking roots yields the claim. ⊓ ⊔ It follows immediately from the estimate in Lemma 2.1 that
Lemma 2.2 Let G be a locally compact group, and let p ∈ (1, ∞).
and note that
, by Hölder's inequality,
and since ǫ > 0 was arbitrary, we eventually obtain (1).
Let G be a locally compact group. The fundamental theorem relating A p (G) and A q (G) for possibly different p, q ∈ (1, ∞) is [Her 1, Theorem C]: If G is amenable and if p ≤ q ≤ 2 or 2 ≤ q ≤ p, then A q (G) is contained in A p (G) such that the inclusion is contractive; in particular, A(G) is contractively contained in A p (G) for each p ∈ (1, ∞). In this section, we show that, for G amenable,
It is routinely checked that A p (G) ∩ A q (G) is a commutative Banach algebra for any locally compact group G and p, q ∈ (1, ∞), and in view of [Her 1, Theorem C], the following is immediate: Proposition 3.1 Let G be an amenable, locally compact group G, and let p, q ∈ (1, ∞). Then A(G) ⊂ A p (G) ∩ A q (G) such that the inclusion is a contraction.
In the remainder of this section, we shall see that, if q = p ′ , then the inclusion in Proposition 3.1 is in fact an isometric isomorphism.
Let G be a locally compact group, and let p, q ∈ (1, ∞). Then the quotient maps
We denote the corresponding quotient norm on the range of Π p ∩ Π q by · Πp∩Πq .
The following extends (part of) [Pie, Theorem 10.4] and has a very similar proof:
Lemma 3.2 Let G be an amenable, locally compact group, and let p, q ∈ (1, ∞). Then there is a net (e α ) α in the range of Π p ∩ Π q that is bounded by 1 with respect to · Πp∩Πq and satisfies f e α − f Ar(G) → 0 for every r ∈ (1, ∞) and every f ∈ A r (G) with compact support.
Proof Let K(G) denote the collection of compact subsets of G. Ket K ∈ K(G) and ǫ > 0. Since G is amenable, it satisfies Leptin's condition ([Pie, Definition 7.1(d)]) by [Pie, Theorem 7.9] . In view of [Pie, Proposition 7.11] , there is thus a compact subset U K,ǫ of G with |U K,ǫ | > 0 such that
where χ KU K,ǫ and χ U K,ǫ are the indicator functions of KU K,ǫ and U K,ǫ , respectively. Then e K,ǫ clearly lies in the range of Π p ∩ Π q . From (3), we conclude that
Let r ∈ (1, ∞), and let f ∈ A r (G) have compact support. As in the proof of [Pie, Theorem 10 .4], we see that
holds.
Proof By Theorem 1.2, pointwise multiplication with Γ(f ) induces a bounded linear operator on L p (G)⊗L p ′ (G), which we denote by M Γ(f ) , such that
Interchanging the rôles of p and p ′ , we obtain
and thus
From Lemma 2.2, we conclude that
Let
Since ǫ > 0 was arbitrary, this proves the claim.
⊓ ⊔
We can finally prove:
Theorem 3.4 Let G be an amenable, locally compact group, and let p ∈ (1, ∞). Then
Proof In view of Proposition 3.1, it is sufficient to show that
. By denseness, we can suppose without loss of generality that f has compact support and lies in A(G) ∩ A p (G) ∩ A p ′ (G) (so that, in particular, already f ∈ A(G)). Let (e α ) α be a net as specified in Lemma 3.2. From Lemma 3.3, we obtain that
This completes the proof.
⊓ ⊔
In view of [Her 1, Theorem C], we obtain the following extension of Theorem 3.4:
Corollary 3.5 Let G be an amenable, locally compact group, and let 1 < p ≤ 2 ≤ q < ∞.
with contractive inclusions. If p ′ < q, then q ′ < p, so that A q (G) ⊂ A q ′ (G) by [Her 1, Theorem C] and thus, again,
The converse inclusion follows again from Proposition 3.1.
We conclude the paper with a related assertion:
Proposition 3.6 Let G be an amenable, locally compact group, and let p ∈ (1, ∞). Then
is a quotient map.
Proof We need to show that · Πp∩Π p ′ = · Ap(G)∩A p ′ (G) on a dense subset of the range of Π p ∩ Π p ′ . Mimicking the proof of Lemma 3.3, we obtain, for f ∈ A p (G) ∩ A p ′ (G) and g in the range of Π p ∩ Π p ′ , that f g lies in the range of Π p ∩ Π p ′ such that
For any K ∈ K(G) and ǫ > 0, let e K,ǫ be defined as in the proof of Lemma 3.2 (with q = p ′ ). Let f in the range of Π p ∩ Π p ′ have compact support. As in the proof of 3.2, we see that f e K,ǫ − f Πp∩Π p ′ → 0.
Hence, we conclude from (5) that
Since Π p ∩ Π p ′ is a contraction, the reversed inequality holds trivially. Since the elements with compact support in the range of Π p ∩ Π p ′ form a dense subset, this proves the claim.
